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Abstract
In this note we revisit the problem of determining combinatorially
the multiplicity at the origin of a toric curve. In addition, we give the
exact value of the regularity index of that point for plane toric curves
and effective bounds for this number for arbitrary toric curves.
Introduction
A classical numerical invariant associated to a point of an algebraic variety is
the (Hilbert-Samuel) multiplicity. This invariant has numerous applications
on algebraic geometry and commutative algebra (for instance, it plays a
fundamental role in the problem of resolution of singularities). On the other
hand, it is known that this invariant can be computed using the theory of
Gro¨bner bases (see [GP, Chapter 5]).
In the context of toric varieties the computation of this invariant is sim-
pler. Assuming that an affine toric variety contains the origin, its multiplicity
can be computed in a combinatorial way by looking at the semigroup defin-
ing the toric variety (see [GKZ, Chapter 5, Theorem 3.14]). The proof of
this fact, although not too difficult, requires some tools from topology, com-
mutative algebra, and combinatorics. The first goal of this note is to give a
completely elementary proof of that fact in the case of toric curves.
Let S ⊂ N be a numerical semigroup generated by a1, . . . , ar, where
a1 < · · · < ar. The corresponding toric curve contains the origin and its
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multiplicity can be easily computed: it is a1. We will prove this fact us-
ing only basic concepts of numerical semigroups. In addition, the proof we
present is sufficiently constructive so that a related question can be answered
along the way.
Recall that for a point in a curve, say p ∈ X ⊂ Kr, its multiplicity is
defined as the number m ∈ N such that dimKm
n/mn+1 = m for all n ≫ 0,
where m ⊂ K[X ] denotes the maximal ideal corresponding to p. It is natural
to ask for the minimum k ∈ N for which the previous statement holds. Some
related questions have been studied by several authors (see, for instance, [M]
or [St2]). The second goal of this note is to describe exactly this minimum for
plane toric curves and to give effective bounds for this number for arbitrary
toric curves.
1 Numerical semigroups and toric curves
In this section we recall the basic definitions and facts regarding numerical
semigroups and toric curves. The notation introduced in this section will be
used throughout this note.
Let A = {a1, a2, . . . , ar} ⊂ N be such that 1 < a1 < a2 < · · · < ar and
gcd(A) = 1. We denote as S := 〈A〉 the numerical semigroup generated by
A, and we assume that A is the minimal generating set of S (see [RG] for
generalities on numerical semigroups).
Given a numerical semigroup, we can associate a toric curve. We are
interested in the study of some relations among numerical invariants of toric
curves and data of the corresponding semigroup. Let us recall the general
definition of an affine toric variety (see, for instance, [CLS, Section 1.1] or
[St1, Chapter 4]).
Let A = {a1, . . . , ar} ⊂ Z
d be such that ZA = {
∑
i λiai|λi ∈ Z} = Z
d.
The set A induces a homomorphism of semigroups
πA : N
r → Zd, α = (α1, . . . , αr) 7→ α1a1 + · · ·+ αrar.
Let K be a field and consider the ideal (by using the usual multi-index nota-
tion):
IA := 〈x
α − xβ |α, β ∈ Nr, πA(α) = πA(β)〉 ⊂ K[x1, . . . , xr].
Definition 1.1. We call XA := V(IA) ⊂ K
r the toric variety defined by A.
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It is well known that a variety obtained in this way is irreducible, contains
a dense open set isomorphic to (K∗)d and the natural action of (K∗)d on itself
extends to an action on XA.
Now we introduce a numerical invariant associated to a toric curve. Let
A = {a1, . . . , ar} ⊂ N be as before. Let m = 〈t
a1 , . . . , tar〉 ⊂ K[ta1 , . . . , tar ] =
K[XA] be the maximal ideal corresponding to 0 := (0, . . . , 0) ∈ XA. For
n ∈ N, we denote
λ(n) := dimKm
n/mn+1.
A classical result states that λ(n) = m for some m ∈ N, for all n ≫ 0. This
number is called the multiplicity of XA in 0. Another well known result
states that m is actually a1 (this is proved in greater generality in [L] or
[GKZ, Chapter 5, Theorem 3.14]). In addition, we denote
ri0(XA) := min{k ∈ N|λ(n) = a1 for all n ≥ k}.
The number ri0(XA) is called the regularity index of the origin of the toric
curve XA. In what follows we give an elementary proof of the fact λ(n) = a1
for all n≫ 0, as well as effective bounds for ri0(XA).
2 Multiplicity and regularity index of plane
toric curves
In this section we study the special case of plane toric curves. This case is
particularly simple and the regularity index can be computed explicitly.
Proposition 2.1. Let A = {a1, a2} be as before. Then λ(n) < a1 if n < a1−1
and λ(n) = a1 if n ≥ a1 − 1. In particular, ri0(XA) = a1 − 1.
Proof. Let m = 〈ta1 , ta2〉 ⊂ K[XA]. For n ≥ 1, a K-basis for m
n is the set
{t(a1,a2)·α | α ∈ N2, |α| ≥ n}, where (a1, a2) · α denotes the standard dot
product. Thus, a generating set for mn/mn+1, as K-vector space, is given by
{t(a1,a2)·α + mn+1 | α ∈ N2, |α| = n}. Let c be the cardinality of this set. If
n < a1 − 1 then λ(n) ≤ c ≤ n + 1 < a1 − 1 + 1 = a1. This shows the first
statement of the proposition.
Now assume that n ≥ a1 − 1. We claim that
Bn := {t
(a1,a2)·(n−j,j) +mn+1 | j ∈ {0, . . . , a1 − 1}}
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is a K-basis for mn/mn+1. To see that it is a generating set it is enough to
show that t(a1,a2)·(n−j,j) ∈ mn+1 if j ≥ a1. Let j = qa1 + r, where 1 ≤ q and
0 ≤ r < a1. Then, since n + (a2 − a1)q ≥ n + 1 we conclude
ta1(n−j)+a2j = ta1(n−qa1−r)+a2(qa1+r) = ta1(n+(a2−a1)q−r)+a2r ∈ mn+1.
Now suppose that
∑a1−1
j=0 λjt
(a1,a2)·(n−j,j) =
∑
|β|≥n+1 bβt
(a1,a2)·β, for some
λi, bβ ∈ K. Let us define B
′
n := {a1(n − j) + a2j|j ∈ {0, . . . , a1 − 1}}. We
claim that {(a1, a2) · β | |β| ≥ n+1}∩B
′
n = ∅. This implies that λi = bβ = 0
for all i and all β, i.e., Bn is linearly independent.
Let us prove the claim. Suppose that a1β1+a2β2 = a1(n−j)+a2j, where
n + 1 ≤ β1 + β2, 0 ≤ β1, 0 ≤ β2 and 0 ≤ j ≤ a1 − 1. Then a1(β1 − n + j) =
a2(j − β2). In particular, a1 | j − β2. If β1 − n + j = 0, then j − β2 = 0
implying β1+β2 = n, which is a contradiction. Suppose β1−n+j > 0. Then
j − β2 > 0. Since a1 | j − β2, we have j − β2 ≥ a1. Thus β2 ≤ j − a1 ≤ −1,
a contradiction. Finally, suppose β1 − n + j < 0. Then 0 ≤ β1 < n− j. Let
β1 = n− j − l for some l ∈ {1, . . . , n− j}. Then β2 ≥ n+ 1− β1 = j + l + 1
and so we obtain the following contradiction:
a1(n−j)+a2j < a1(n−j− l)+a2(j+ l) < a1(n−j− l)+a2β2 = a1β1+a2β2.
These contradictions prove the claim. Finally, the same claim also implies
that λ(n) = |Bn| = a1.
3 Multiplicity and bounds for the regularity
index of toric curves
In this section we show that the multiplicity of the origin of a toric curve
coincides with the smallest non-zero element of the corresponding semigroup.
In addition, we give a bound for its regularity index. The bound is given in
terms of the so-called Frobenius number, which we now define.
Let A = {a1, . . . , ar} ⊂ N be as before, and let S = 〈A〉. It is well known
that any sufficiently large integer belongs to S. The Frobenius number of S,
denoted as F (S), is the largest integer that does not belong to S.
Let a = (a1, . . . , ar) ∈ N
r and α = (α1, . . . , αr) ∈ N
r. As before, a · α
denotes the usual dot product. Let n ∈ N, n ≥ 1, and consider the following
sets:
S(n) := {0} ∪ {a · α | α ∈ Nr, |α| ≥ n}.
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Notice that S(n) is a numerical semigroup and S = S(1) ⊃ S(2) ⊃ · · · .
In all that follows we assume a1 < a2 < F (S). A brief discussion of the
cases F (S) < a1 and a1 < F (S) < a2 will be given at the end of this section.
Lemma 3.1. Let S = 〈a1, . . . , ar〉 be as before. Let δ = F (S)−a1, ǫ = a2−a1,
and δ = qǫ+ τ , where 1 ≤ q and 0 ≤ τ < ǫ. Then, for every n ≥ q:
F (S(n+1)) = F (S(n)) + a1 < (n + 1)a2.
Proof. First notice that F (S(n)) + a1 + l ∈ S
(n+1) for all l ≥ 1 and so
F (S(n+1)) ≤ F (S(n)) + a1 for all n ≥ 1. Thus, for any given n,
F (S(n+1)) ≤ F (S(n)) + a1 ≤ F (S
(n−1)) + 2a1 ≤ · · · ≤ F (S) + na1.
Let n ≥ q. From the equation δ = qǫ+ τ we obtain
F (S) + na1 = q(a2 − a1) + τ + (n+ 1)a1
< q(a2 − a1) + a2 − a1 + (n + 1)a1
= (q + 1)a2 + (n− q)a1
< (q + 1)a2 + (n− q)a2 = (n+ 1)a2.
We conclude that F (S(n+1)) ≤ F (S(n)) + a1 < (n + 1)a2 for all n ≥ q. It
remains to prove that F (S(n+1)) = F (S(n)) + a1 for n ≥ q. Suppose that
F (S(n)) + a1 = a · α ∈ S
(n+1), i.e., |α| = n + 1. If α1 ≥ 1 then F (S
(n)) =
a · α − a1 ∈ S
(n), which is a contradiction. If α1 = 0 then F (S
(n)) + a1 =∑r
i=2 aiαi ≥ (n+1)a2, a contradiction. Therefore, F (S
(n))+a1 /∈ S
(n+1) and
so F (S(n+1)) = F (S(n)) + a1 for all n ≥ q.
Proposition 3.2. Let S = 〈a1, . . . , ar〉. Then S
(n+1) = S(n) + a1 for every
n ≥ q.
Proof. By definition, S(n)+a1 ⊂ S
(n+1), for every n ≥ 1. Assume that n ≥ q
and let s ∈ S(n+1). Suppose s > F (S(n+1)). By lemma 3.1, F (S(n+1)) =
F (S(n))+a1 and so, for some l ≥ 1, s = F (S
(n))+a1+ l = (F (S
(n))+ l)+a1 ∈
S(n) + a1.
Now suppose that s < F (S(n+1)). Let s = a · α, where |α| ≥ n + 1. If
α1 ≥ 1 then s = (a ·α− a1)+ a1 ∈ S
(n)+ a1. If α1 = 0 then s =
∑r
i=2 aiαi ≥
(n + 1)a2. On the other hand, by lemma 3.1, s < F (S
(n+1)) < (n + 1)a2,
which is a contradiction. We conclude that S(n+1) ⊂ S(n) + a1.
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Now we are ready to prove our main theorem.
Theorem 3.3. Let A = {a1, . . . , ar} be as before and S = 〈A〉. Let δ =
F (S) − a1, ǫ = a2 − a1, and δ = qǫ + τ , where 1 ≤ q and 0 ≤ τ < ǫ. Then
λ(n) = a1 for every n ≥ q. In particular, ri0(XA) ≤ q.
Proof. Let m = 〈ta1 , . . . , tar〉 ⊂ K[XA] be the maximal ideal corresponding
to 0 ∈ XA. A K-basis for m
n is given by {tγ | γ ∈ S(n)}. In particular, a
K-basis for mn/mn+1 is given by {tγ + mn+1 | γ ∈ S(n)\S(n+1)}. We claim
that |S(n)\S(n+1)| = a1 for every n ≥ q.
Consider the following sets:
A := {s ∈ S(n) | s < (n + 1)a1},
B := {h+ ka1 | h < (n + 1)a1, h /∈ S
(n), and k := min{l | h + la1 ∈ S
(n)}}.
Let us prove that S(n)\S(n+1) = A ∪ B, for n ≥ q. This proves the theorem
since |A ∪B| = a1.
Let s ∈ A ∪ B. If s ∈ A, then s ∈ S(n) and s < (n + 1)a1. Thus,
s ∈ S(n)\S(n+1). If s ∈ B, then s = h + ka1, where h < (n + 1)a1, h /∈ S
(n),
and k = min{l | h + la1 ∈ S
(n)}. Suppose that s ∈ S(n+1). By proposition
3.2 we have that h+ ka1 = t+ a1, for some t ∈ S
(n). Then h+ (k− 1)a1 = t,
which contradicts the minimality of k. Therefore, s ∈ S(n)\S(n+1).
Now let s ∈ S(n)\S(n+1). If s < (n + 1)a1 then s ∈ A. If s > (n + 1)a1,
let s = pa1 + t, where 0 ≤ t < a1 and n + 1 ≤ p. Notice that t = 0 implies
s = pa1 ∈ S
(p) ⊂ S(n+1), a contradiction. Thus, 0 < t < a1. We claim
that t + na1 /∈ S
(n). Suppose that t + na1 = a · α ∈ S
(n), i.e., |α| ≥ n.
Then s + na1 = pa1 + t + na1 = pa1 + a · α. Since p − n ≥ 1, we have
s = a ·α+ (p− n)a1 ∈ S
(n+1), contradicting again that s ∈ S(n)\S(n+1). This
proves the claim.
Let h := t + na1 and k := p− n. Then s = h + ka1. Suppose that j < k
is such that h+ ja1 ∈ S
(n), i.e., h+ ja1 = a · β, where |β| ≥ n. Let k = j + l
for some l ≥ 1. Then s = h+ (j + l)a1 = h+ ja1 + la1 = a · β + la1 ∈ S
(n+1),
a contradiction. Therefore k is the minimal element such that h+ka1 ∈ S
(n)
and so s ∈ B.
In the following example we show that the bound for the regularity index
given in theorem 3.3 is sharp.
Example 3.4. Let a1 ≥ 3 and S = 〈a1, 2a1 + 1, 2a1 + 2, . . . , 2a1 + (a1 − 2)〉.
In this example, F (S) = 4a1 − 1 and q = 2. Since the generating set of S
has cardinality a1 − 1, we have λ(1) = a1 − 1. Therefore, ri0(XA) = 2 = q.
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The bound given in theorem 3.3 is given in terms of the Frobenius number
of the semigroup. Unfortunately, it is well-known that this number cannot
be explicitly computed in general. However, there are some known bounds
for it.
Corollary 3.5. With the notation of the theorem,
ri0(XA) ≤
1
a2 − a1
(
a1ar − 2a1 − ar − τ
)
.
Proof. It follows from the theorem and the fact F (S) ≤ a1ar − a1 − ar (see
[B]).
Throughout this section, we considered the case a1 < a2 < F (S). Let us
conclude with a discussion on the two other special cases: F (S) < a1 and
a1 < F (S) < a2.
Remark 3.6. Suppose that F (S) = a1 − 1, i.e., S = {0, a1, a1 + 1, . . .}. We
already checked that S(n) + a1 ⊂ S
(n+1) for all n ≥ 1. In addition, since
minS(n+1) \ {0} = (n+ 1)a1, it follows that S
(n+1) = S(n) + a1 for all n ≥ 1.
Following the proof of theorem 3.3 we obtain that λ(n) = a1 for all n ≥ 1,
i.e., ri0(XA) = 1.
Remark 3.7. Suppose that a1 < F (S) < a2. First notice that F (S
(n)) ≤
F (S(n−1)) + a1 ≤ · · · ≤ F (S) + (n − 1)a1 < a2 + (n − 1)a1 < na2, for every
n ≥ 1. In addition, the last paragraph of the proof of lemma 3.1 also applies
to show that F (S(n+1)) = F (S(n)) + a1, for all n ≥ 1. These facts were the
main ingredients to prove that S(n+1) = S(n)+a1. As in the previous remark,
we conclude that λ(n) = a1 for all n ≥ 1, i.e., ri0(XA) = 1.
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